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Q1. Quaternion Matrices

Part a)

We will assume all of the data that has been given to us in the question. Let the
Hermitian part of the self-dual matrix Q € C2V*2N be denoted as H = Q + QF
where we know that Q = 7QT7,. Also assume a quaternion vector ¢ € HY obeys
the symmetry condition ¢* = 79q7. Then

BH7 =HQ+ QN7 =7Qh+ Q' =Q"+Q" = (Q+ Q") =H"
Hence showing that H* = 7o H7y as required.

Suppose that v € HY is one of the 2N eigenvectors of H with eigenvalue \ € C.
Then Hv = Av. We wish to use our conjugation condition to show that there is
another eigenvector v’ € HY that is orthogonal to v yet shares the same eigenvalue,
hence showing that it is doubly degenerate. We notice that

Hv=M
= (Hv)" = (\)*
= H*v" = \"
— 7A'2H7A'2U* = \*
— %2(%2H%2U*) = 7A'2(>\’U*)
— H(Tv") = \(Tov")

Where we have used the fact that all eigenvalues A of H must be real given that H
is Hermitian. Also, (72)? = loy. Hence, we see that the vector v/ = v € HY is
another vector that shares the the same eigenvalue A\. To prove orthogonality, we
use the standard Frobenius inner product definition of an inner product on matrices.



Let wy,wy € CN be arbitrary.

(v, Tov) = (v, vTy) = tr vivr

wl —wl\ (w wy\ (0 —i
= tr + T ¥ % .
wy Wi —w; wi) \¢ 0

wI —wl\ [iwy —iwy
= tr 1 T - -

o S R T
= MWWy — Wy W] — 1WyW + LW Wy

= iwlwy — (iwiw)T + (iwlw))” — iwlw,

= iwiwg — iwiwg + iwgwl — iwgwl

=0
Hence, we can conclude that 7yv is orthogonal to the original eigenvector v. Since
Tov and v share the same eigenvalue A and are orthogonal, and v was an arbitrary
eigenvector, this proves that all eigenvalues of H are doubly degenerate. [

Part b)

We wish to calculate the quaternion Gaussian vector integral over the self-dual )

6(Q) = [ dalespl=tr(a—"%Q(s~ n)n

by attempting to reduce it into the form of a Gaussian integral over a complex
vector. First, we make the substitution ¢ — ¢ —n € HY, where d[q — n] = d[q] and
the bounds of integration remain the same (i.e. over all of H"). Then using the
properties as outlined in the question, we can calculate

tr " 7Qqm = tr ¢ 7Q(F2q")
= trq" (Q")q"
= tr(¢'Qq)"
=trq'Qq

We can then calculate this quantity for an arbitrary ¢ € HY (with wy,w, € CV),
self-dual @ € C*V*2N where X; € CV*V and X,, X3 € ASymg(N).

wian= (i ) (0 3) (U )
o (wi —u;{) (:))((lwl — X%wél Xiwy + X%w};)
5wy swi — X7 wy  Xzws + Xj wy
= wl(Xywy — Xows) — wl (Xswy — XTws) + wh(Xywy + Xow}) + wl (Xswy + XTw?)
= (wl X0y + wI XTw?) + (w X w0y + wl XTw)
+ (Wi Xow! — wi Xow) + (W Xswy — wl Xsw,)

= 2w] X w; + 2w X w, + 2w Xow? — 2wl Xgw,

DN — =



Here we have used the fact that w? XTw? = (wi Xjw;,)T = wl X w, since w! Xqwy is
a scalar. Also, —wl Xows = wl XTws = (wiXow?)T = wlXyw?.

Unfortunately, despite staring at this for many many weeks, I have been unable
to come up with a method of simplifying this expression into something more us-
able. Whilst the likes of the wJ{Xlwl term look good, it appears to me that there is
a factorisation method using the symmetry of ) where we would ”wedge in” par-
ticular factors, e.g. something like (w; — wy)T(2X; + X5 + X3)(w; — wy) (this one
obviously doesn’t work, its just an example of what I had been thinking). T also
attempted to use the fact that tr¢'Qq = tr¢” Q"¢ and exploit symmetry there -
that, understandably, produced the same result as above. I then thought about de-
compositions of the self-dual () but my research, despite providing interesting facts
about the Schur decomposition of a the Hermitian self-dual H, provided nothing on
Q. I then also tried to exploit the fact that @ = 1[(Q + Q") + (Q — Q™)] but again,
no luck. If X5 and X3 were symmetric as opposed to anti symmetric, then we would
have been able to cancel these terms in our above calculation which would have left
the terms ZwIX 1wy + QwEX 1wso which would result in a factorisable integral over w;
and wy. Of course, this doesn’t account for the contributions of X, and X3 so it
cannot be true. Alas...

I then had the thought of potentially abusing some notation using a similar process
to the complex case in the notes. For a quaternion vector ¢ € H", we can consider
it as be comprised of ¢ = C + jK for C, K € C?" - then we can define (which I
have never seen written anywhere but I'm just gonna go with it) Co(q) = C and
Qu(q) = K being the ”Complex” and ”Quaternion” parts of g. We can then define,
in a slightly reversed way to the notes,

‘= (CO(q)) _ (0) A:< Q+ Q' j(Q—Q*))
Qu(q) K —j(Q-Q") Q+qQf
Under these circumstances, we would have

det(A) = 2" det(Q) = 2*" det(X;) det((X; )T — X3X, ' X5)

Maybe, with any luck and very little conviction, some sort of formulation along these
lines could lead to a result that looks kind of like

(27T>2N
G(Q) = ———=—=
\/det(A)
Unfortunately, this is the best I could muster up. I cannot wait (pleasepleaseplease-
pleaseplease) to see the solution to this because it has puzzled me for weeks!

Part c)

Unfortunately due to my lack of concrete answer for part b), I also don’t have a
great deal of certainty as to why the result doesn’t change for an arbitrary choice
of n € C?*¥*2. My best guess is that it has something to do with the analytic
continuation arguments presented in the notes - however, this was dealing with
a symmetric matrix C, so I am unsure why we are able to use this in our case.
Nonetheless, this is a best guess.



Q2. Correlated Real Cauchy-Lorentz Ensemble

Consider the correlated real Cauchy-Lorentz ensemble which is given by the
distribution

P(X|C) = det CP/2 1
-\ Il 720+ 5/21/0[ + (j 4+ n)/2]) ) det(1, + XTOX)wn/2+u
) ) ? £(X)

(2.1)
Where p > 0, I' is the Gamma function, and C' € Sym_ (n).

Part a)
To check that P(X|C) is normalised, we wish to show that [,,., P(X|C)d[X] = 1.

We first start by rescaling P. Since C' € Sym, (n), we can write C = DTD for
some D € GLg(n). This also gives us det(C') = det(D” D) = det(D)?. We can now
make the substitution U = DX, where, for column vectors X; we have
d[U] =d[DX] =d[DX;]...d[DX,]
= det(D)d[X4]...det(D)d[X,)]
= (det(D))Pd[X] ... d[X,)
= det(C)P/%d[X]

and the support on U remains as R"*P. Then

_ d[X]
/Rnxp P(X|C)d[X] — A/Rnxp det(l]-p +XTCX)(p+n)/2+,u
d[X]

RnXp det(]_p + (DX)T(DX))(Z)"’n)/Q""N

4 / det(C)~?/2d[U]
T Jree det (1, + UTU)@+n)/240

=A

- 1 / d[X]
T 72T+ 5/21/@C[n A+ (5 +n)/2]) ) Jrnxe det(L, + XTX)@tm)/240

(&

-

Y,
(2.2)

(In the last line we replaced U with X [not the same X as at the start] for ease of
keeping notation consistent with the question).

We now wish to deform det(1, + X7 X) into something more manageable. Firstly,
we appeal to the following statement:

Let A € RP*?. B € RP*" (' € R™P and D € R™ " be matrices where D is in-
vertible. Then

det (é g) — det(D) det(A — BD'C) (2.3)



Using equation (2.3), we see that

det(1, + X" X) = det(1,,) det(1, — X 1" (- X))
— ]lp XT
= det (—X ]]-n)

If we then make the substitution X = (z1, X) with 2; € R™! and X € R,
then (with 0, referring to the p-dimensional 0 vector).

1 X7 1 (${>
p _ p Y
det (—X ﬂn) = det X

= det Op—l ]]-p—l XT

= det Op—l ]]-p—l XT

= det Op_l ﬂp—l XT

1, X7
=det | 7= 2.4
¢ <—X 1, + xlxlT) ( )

Where we performed the elementary row operations (thus preserving the determi-
nant) of R3 — R3 + x1 Ry, followed by Cs — Cs — 2T C.

We can now rescale X with the substitution X = BU where B = /1, + 2127
Then d[X] = d[BU] = det(B)®Vd[U] - we will calculate det(B) later. In order to
make B more user-friendly, we notice that 1, + z127 is a real-symmetric positive
definite matrix, hence meaning we can decompose it as 1,, + x127 = QDQT for a
real unitary matrix ) and a diagonal matrix D. This then gives us the following

properties:
B =1/1, + 22T = Qv DQ" (2.5)

B" = (QVDQ")" = (@")'VD' (@) = @VDQ" = B (26)
(B*)™' =(QDQ")' =@D'Q" (2.7)
DFD™ = D™ Wk m e R (2.8)

Notice then that B € Sym,(n) (retains positive eigenvalues and is symmetric).



After this rescaling, (2.4) then becomes

7T T
det (IE’Xl L —f)—(atlxlT) = det (}%10 (Bg;) )
= det(1, + 2127) det(1,_, + UTBT(B*) ™' BU)
L, + z127) det (1, + U (QVDQ")(QD'Q")(QvVDQ")U)
1, + z2) det(1,_4 + UTQ(VDDVD)QTU)
) det (1,1 +UTQL.Q"D)
) det(1,-, + UTD)

Il
o,
)
—+
— ~—~ —~ —~ —

T
1
1, + z2T
1, + 2]

We can then calculate det(1,, + z;27) by factorising into upper-triangular - lower-
triangular by performing C; — C7 + Cox;.

det(Lp + z12T) = det (1 al
e T1T] S

B 1+aley af 1 0

= det(1 + 27 z;) det(1,, — 0) det(1) det(1,, — 0)
=1 —+ l’{ml

t(v/1n 4+ z127) = (1 + 2] 21)"/? (which is clearly

This then implies that det(B) = de
1+ 2Tz 1)/2d[U]

well defined), hence d[X] = (

Combining all of this into our integral in (2.2), we get

¥ ((p+n)/2+p)
d|X . T
/ [T ] 2 :/ d[z1]d[X] det <ﬂp_~1 * T)
RnXp det(]lp + X X)(p+n)/ +r RnXp —-X ﬂn —+ X127

-/ ) (1 + o) /24[0)
o ~  ~ 1(+n)/2+
Rnxp [det(]ln + T det(L,_, + UTU)] S

- dloa)(1 + a2, 0 [0
nxp ~ 1 (P+n)/2+u
" |

1+ 2Tz)) det(1,_, + UTU)

[ Weddne i 0]
Jee (L 2Tz /24 fo det(1,_, + UTU)p+m)/24n

_ / d[21] / d[U]
re (1+ x{xl)((n+1)/2+u) RnX(—1) det(]lp,l + UTﬁ)(p+n)/2+,u,

Each time we perform the iteration, we will get d[X,] = (1 + ija;j)(P*j)/Qd[f]] over
j =1,...,p. Hence, when we see how this behaves on the second last line of the
above calculation, we see that this will lead to a factor of j/2 in the exponent of the
denominator.



Thus, through great toil and hardship, we then arrive at

J

/ d[X] T / d[z;]
gy det(L, + XTX)rm/2bn L3 fo (14 2 ;) (na)/ 2+

Through a change of variables into n-dimensional spherical coordinates where the
Jacobian is, disregarding the angular components, r?_l, and using a well formulated
trick with the Dirac delta function that I wasn’t quite able to show, we arrive at

d[l’]] o T o) T.;z—ldrj
/R” (1+ %T%)(”*j)/?-ﬂ-u o JUE x)d[x]/o (1+ 7”]2‘)(71+j)/2+u

Rn

We then see that the first integral is the volume of the unit sphere which can be
computed using the following trick

/ "R dl = 276 ()

—00

Then,

/ 61— aTa)dla] = /R n < / Z exp [(1 — )it + 1)) g—;) 2]

L / /00 6(1_(x%+"'+$%))(“+1)dtdxl ...dx,
t=00

— % N
1 = , < "

_ = 6(zt-l—l) / 6—(zt+1)x2dl, dt
27 t=—00 —00

1 o) - T n/2
N (I R for Im(t)< 1
or )¢ (it+1) or Im(z)

n/2—1 00 )
_r / ;ezt—kldt
2 oo (it + 1)1/2

Then, we can use the fact from Laplace transform theory that

/Oo ge—(t—a)s g _ ['(n+1) — 1 _ 1 /OO §n/2=1 = (it+1)s g g
0 (t —a)rt! (it + 1)»2  T(n/2) J,

to continue the above calculation with

7Tn/271 0o oo ) )
_ / / Sn/2—16—(zt+1)sd8 ezt—i—ldt
QF[TL/Q] —00 0
n/2—1 oo oo
T .
_ n/2—1 (1=8)(it+1) g | ¢
2r[n/21/0 ’ </m ) ’

7.‘,71/2—1 00 n/2_12 51 p
- 2r[n/2]/0 s (1 = s)ds

7Tn/2

~ Tn/2



7.‘.n/2

[ln/2)

Unfortunately, we notice that the standard definition of the volume of the unit ball

. n/2 . . . .

is V, = Fzrﬁ—jrl), which is very slightly out from our above calculation, however I
2

was unable to find where this factor went missing. Nonetheless, this I'[n/2] factor

cancels out in the final calculation regardless, so it is not too detrimental.

/n §(1 — 2 w)d[x] = (2.9)

We can then perform the integral in r; similarly.
c0 r?‘ldrj e (r?)”/z_lrjd'r’j

0 (1 + T]Z)(n+j)/2+u B 0 (1 + rj?)(n+j)/2+u
IR
T2 )y (14 t)mri2m

1 o o )
= : / gn/2-1 (/ S((n+J)/2+u)—16—(t+1)5d8) dt
2l[(n+7)/2+ 1l Jo 0

s, e ([Teena)
_ ((n+7)/24+u)—1 _—s n/2—1 _—st
= - s e t e %dt ) ds
2U[(n+34)/2 + 1] Jo 0

_ F[n/Q] /OO () /241 =5 /2 g
2T[(n +4)/2 + ]

_ I'[n/2] = §I/2Hn=1 =5 1.
- 2r[<n+j>/2+u1/o ¢
_ TIn/2T]/2+ 4

2 (n 1 4)/2 1 4l

(2.10)

Combining the results from (2.9) and (2.10), we finally see that

/ d[X] H Lln/2]T05/2 + p]
rrxp det(L, + XTX)p+n)/2+n n/2 12T[(n + 7)/2 + y

=1

ﬁ ™22+ 1
2

.

Cl(n+3)/2+pu A

j=1

<.

Hence, we can conclude that indeed P(X|C) is normalised. [J



Part b)

Assume we have measured a time series matrix V with p > n and VV7 is in-
vertible, and furthermore assume it follows the distribution given in (2.1). We wish
to compute the self-consistent maximal likelihood P(.|Cy) where Cj € C € Sym_ (n).

We first wish to calculate the log-likelihood of P, namely

P /2 ;
log[P(V]C)] = glog(det C) — <]% + u) log(det(1, + VICV)) — glog (QP[M 1[81262/]2])

o (p+n . 720k + /2]
= Qtrlog(C) ( 5 +,LL> trlog(l, + V' CV) — Zlog (QFM+ (j+n)/2]

To find where this is maximised, i.e. at the extremum Cj, we wish to solve V¢ log[P(V|C)] =
0. We will make use of the fact that in lectures we calculated V4 trlog(A4) = A™!

for O = Sym(n) O Sym, (n). We also note that

Va(l, + VICV) =VT()V (poorly defined notation sorry).

p+n+2u

VeloglP(VIC)] = PO - ( .

) V(1,+Vicv)"'vi =0

Which tells us that Cj, the extremum, must satisfy

2
gq;l - (W) V1, +VICV) W =0

We can then appeal to the Neumann series for operators that states
(L —A)~' =377, A% Plugging this in to our above equation, we get

Do pF+n+21) — - B
p -1 C k T k+1,v—1
—C; = -DH)¥(VV*C C
G ;< VYT GG
p T S T
—— 1, = (VV' () VV C
- D) NI
b T T
—1,=(VV 1, +VV
D+ 2 (VVECo)(1, + Co) ™"
p T T
— (1, + VV-Cy) =VV*(C
p+n+2u( + 0) 0
. p Ty—1
Oo—n+2M(VV)

We know that our quantity for Cj is well defined because VV7T is invertible by
assumption. Hence, Cy is the maximal likelihood value for the parameter C' for the
correlated real Cauchy-Lorentz ensemble. [



Q3. Complex Uncorrelated Wishart-Laguerre En-
semble

Let X € C™"*P be drawn from the yGUE with distribution
1 t
P(X) = —ntr XX
K= Gy’
We wish to show that the limiting level density yields the Marcenko-Pastur distri-
bution for n,p — oo with lim,, ., p/n = € [1, 00).

We start with the following equation

/ dX]0x,, ({(z1, = XXT) JeaXepe ™" ¥XT) =0 (3.1)
CnXp
Where a,c,d,e =1,... ., nand b, f = 1,...,p. We can then explicitly calculate the
matrix derivatives of X and X'

Ox, X = Eu Ix,X"=0

Where E,, € C"*? is the matrix with a 1 at the (a,b) entry. The second equation
follows from the fact that <L (z) = 0. Then we can write

8XabXefe_"trXXT = (axabXef)e_"“XXT + Xefe_mrXXTaxab tr(—nXXT)
= (50“361))«6’”“”)()(T - nXefe’”“”XXT tr(EpXT)
= —(nX5Xop — Baelpp)e X!
Using the resolvent formula from the notes, we can also write
Ox,,[(21, — XX1) ] = (21, — XX")[0x,, (21, — XXT)](21,, — XXT)™*
= (21, - XX Ep X (21, — XX
Which gives us
Ox, {(21, — XXN) g = {(21, — XXN) o {XT (21, — XXT)

We then return to (3.1) and can now write

/ AX{ (21, — XXV a(n X5 Xop — 0gebpp)e XX
Cnxp

= / AIX){ (21, — XX {XT (21, — XXT) 1 }peXope 0 XX
Cnxp

We then use the fabled loop equations to contract our indices. We first set a = c,
d = e and b = f, so summing over the indices we see that the relevant part of the
first integral becomes

n p n
DD {1, = XXT) aa(nX 3, Xy — Saaden)
a=1 b=1 d=1

D> {21, = XX (XX )ag — poa)

a=1 d=1
ntr(zl, — XX H(X* XN — ptr(21, — XX
ntr(zl, — XX XXT - ptr(z1, — XX

10



Performing a similar operation for the right hand side, we then arrive at the first
loop equation (where the factor of (7/n)™ cancels out on both sides of our equation)

(ntr(zl, — XXH ' XXT — ptr(z1, — XX
= (tr(z1, — XX tr XT(21,, - XXH)7'X) (3.2)

We then appeal to the fact that
(21, - XXDIXXT = 2(21, - XX — 1,
Which simplifies (3.2) to

n{tr(z(z1, — XX —1,)) — pltr(z1, — XX
= (tr(zl, — XX tr((2(21, — XXt = 1,,))

— nz(tr(zl, — XX —n? — pltr(z1, — XX
— ((tr(z1, — XX1)™)*) = ntr(z1, — X X))

Dividing by n? and appropriately rearranging gives us

2 < (%tr(zﬂn - XXT)—1)2> + (% ~1-2) <%tr(zﬂn - XXT)—1> +1=0

(3.3)

We then make the following assumption for the limiting Green function G(z) of the
random matrix X X

2

> - 0

We can then simplify (3.3) with the following expansion (apologies for the poor
layout - still getting the hang of LaTeX)

. < <<% tr(21, — XX — G(z)) 4 G(z)>2>

+(E-1-2) <(% (21, — XXH - G(z)) + G(z)> +1=0

n

—tr(z1, - XX — G(2)

1
lim <
n,p—00

n

— < <% tr(z1, — XXT)™! = G(z))2> + 2z < (% tr(z1, — XX - G(Z)> G(z)> +2(G(2)%)

+ (3 —1 —z> <<%tr(z]ln—XXT)_1 —G(z))> + <£ -1 —z) (G(z)) +1=0

n n

If we then take the limit lim, , .., remembering that v = lim,, , .~ p/n, we arrive
at the quadratic equation in G(z)

2GP2) + (7 —1—2)G(2) +1=0

11



Which yields us the solutions

24 1l-yE/(z+1—-7)2 -4z
B 2z

G(z)

But since we need the asymptotic behaviour of G(z) ~ 1/z for |z| — oo, we will
take the negative sign. Hence, after factorising the inside of the square root, we see
that

G(Z):z—i-l—'Y_\/[Z—(ﬁ+1)2][z—(\/7_1)2]

2z

For a real z, we require an imaginary part of G(z) in order for
p(A) = L lim._,o Im G(X — ie) to be well defined. This gives us the support

z€ ((v7—1)72(/7+1)%). Hence,

p(A) = 1 limIm G(\ — ie)

T e—0
:lhmlm)\—ie—l—l—’y—\/[A—ie—(ﬂ+1)2][A—i5—(\/7—1)2]
T e—0 2\ — e

VI 12 =M= (7 - 1)
2w

p(A) =
Therefore we see that we can write A, and A\_ as

A= (7417 A= (A1)

Hence we have shown that the limiting level density for the yGUE yields the
Marcenko-Pastur distribution as desired. []

12



Q4. Level spacing distribution for GSE matrix H

Let H be a Hermitian self-dual matrix, as defined in Ex 2.1 to satisfy
H = Q + Q', with dimension N = 2. Let X; € C**? and X,, X3 € ASym(2), and
let a,b,c,d,e, f € C and a/,d € R. Then all of these constraints give

X X, a b 0 e 0 f
Q:(X3 X?) Xl:(c d) XQ:(—e 0) X‘”’:(—f 0)

X+ X X, +Xx] )

— H=Q+Q'=
@+@Q <X3+X§ (X, +XDHT

a b+c 0 e—f
b+c d —(e—f) 0

- 0 —e—f a b+c¢
e—f 0 b+c d

With suitable relabelling for a,d € R and b, c € C we get

a b 0 c
b —c 0
H = 0 —¢ a b
c 0 b d

We can now calculate the two doubly degenerate eigenvalues of H

a— A b 0

QU

|

>

|

o
O o

det(H — A\14) = det

ol © o
|
o
IS
|
>

=(a—AN)det| —¢ a—X b — bdet a— A

QO U

— cdet

ol ©
|
ol
IS
|
>~

=(a—N)(d—=X) ((a—X)(d—=X) —bb—ce) —bb ((a —A)(d— \) — bb— cc)
—ce ((a— A)(d = X) — bb — c€)

= ((a=X)(d=X) = (]b* + |c*)

= (N = (a+d)A+ (ad — (]b* + |c*)))’

Solving the quadratic inside of the square (where the square is what gives us the
double degeneracy that we proved in Q1) yields us

(a+d) £ +/(a+d)? —4(ad — (]b]2 + |c[?))
2
(a+d) £ +/(a—d)?+4(]b]2 + |c[?)
2

Ay =

13



Hence, we can write their difference

AN = +/(a — d)? + 4(bb* + cc*)

To calculate the level spacing distribution, we wish to calculate

ZE-eI En o(s — (Ej1 — E5)/5)
Pos(5,T) _ (S . ) _ (5(s — AN/3))

<ZE]‘€I\{EN} 1>

Where we use Z = R, hence simplifying the equation. Our first substitution will be
to simplify the bb* and cc* terms.

d=a d=d Re(b) = b'cos(6,)  Im(b) = V' sin(6,)
a € (—o00,0) d € (—00,) v € (0,00) 0, € [0, 27]
Re(c) = ¢ cos(h.) Im(c) = ¢ sin(6..)
d € (0,00) 6. € [0, 27]

— A\ = \/(a’ _ dl)Z 1 4b2 4 42
d[H] = [da][dd][dRe(b)][dIm(D)][dRe(c)][dIm(c)] = V' [da'][dd'|[db][dc][dOy][dO.]

We then make the better substitutions for w, x,y, 2 € R where the support remains
the same

w=a +d r=da —d y =2 2 =2
w € (—00,00) x € (—00,00) y € (0,00) z € (0,00)
1
= AN = /22 + 92+ 22 d[H] = 3 y z dwdzxdydzdb,do.

We can then make an even better substitution into spherical coordinates, where we
note in particular that the domain of the azimuthal angle is ¢ € [0, 7/2] because we
have O, ¢ € (0, 00) instead of (—o0, 00).

w=._S x = rcos(f) y = rsin(f) sin(v) z = rsin(0) cos(y)

1 _
= d[H] = 55 (" sin)(r” sin’ fsin ¢ cos)ASdrdfd) by,

A\N=r
r € (0,00) w € (—o0,00)
0 € [0, 7] v e [0,7/2]
8, € [0, 27] 6. € [0,27]
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Hence we can write (where C' is the normalising constant for the GSE)

Psp(s) = (0(s — AA/5))

1 2
= — e—ntrH 6(5 — A)\/g)d[H]
C Ju
= L[ et arnt ey s A f5)d[H]
C Jue
= L [ ety arsarn
¢ Jp
= % rsin® 0 sin ¢ cos e (5%+4r%) §(s — r/8)dSdrdfdypdby,do..

27r /2 ™ 00
/ d0,do, / e *7dS / sin 1) cos da / sin® 0do / rte " 5(s — r/5)dr

s () () ¢

1522
—DS54 45%s

We then use the two facts that

/ Psp(8)ds =1 (S) = / spsp(s)ds =1
-0 0
3T 1
D&’ =1 D5 —— =1
— 7 56w 7% G
. 1
I'(5/2) - T(5/2)

Combining all of this together, and noticing that I'(3) = 2, especially noticing the
factor of 4 in the exponent, we arrive at the beautiful equation of the level spacing

distribution for the 4 x 4 GSE matrix H, namely

TGP, NOREE
Pls) =2 g P [‘ (v ° ]
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