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Q1. MGFs for ) x>

Let Xi,...X, be independent and X; ~ X;%u for i = 1,...,n. Let p = >, pi.
Consider the moment generating function (MGF) of X;:

1 pi/2
Mx,(t) = (m)

By properties of an MGF, we know that Mx.y(t) = Mx(t)My(t), hence

By the uniqueness of an MGF, we see that My, x,(t) ~ M,z(t), hence we conclude
that 7" | X; ~ x2(t) as required. [J



Q2. Minimising absolute error of a random
sample

Let zq,...,x, be an observed sample. We wish to find the value of § that minimises
S(0) = > i, |z — 0|. Firstly, without loss of generality, send z; — z(;), its corre-
sponding order statistic. Using the fact that -(|z|) = sign(z) for # # 0 (more on
this assumption later), we can attempt to minimise S() by finding its derivative

= D Urw £0) =3 g 2 0) (2.1)

This suggests that § must partition the ordered statistics (z(1), ..., %)) such that
the number of observed samples is the same "on both sides” of §. We claim that
0 = median({zu }i ) = %(ZL’(LnTHJ) + LU([nTH‘l)) is the appropriate minimser of §. We

will denote this as 6 = my.

If nis even, then > I(zy < m,) = % and > 1", I(zu) > m,) = %, hence

m, satisfies %\gzmz = 0. It is worth noting, however, that in the case of n being
even, # need not be unique - indeed, any value § € (2(,/2), T(n/2+1)) would minimise

S(0).

If n is odd, then we must include the case where 1(z(; = m,) on both sides of our
equality in (2.1). Hence, > 7" 1z <mgy) =5 +1and > L(zg > m,) = 2 +1,
hence m,, satisfies fli—g]g:mm = 0 again as required.

We do notice that ‘ng = 0, so this is not an appropriate measure of whether our

claimed 6 is a minimum. Instead we notice that limg_, S(0) = limy_,, S(0) = o0
which tells us that, since we have found a value of 6 such that %bzmx = 0, it must

be a minimum. Thus, for all cases of n, § = m, is the appropriate estimate of
that minimses S(#). O

[N.B. It is worth pointing out that we stated that |x| is not differentiable at x = 0,
however, since we are seeking to minimise S(0), the contribution for xg = m,
to S(0) is clearly 0 (i.e. |m, —m,| = 0). Hence we can assume without loss of
generality that it is fine (!) to define the sign(x) function as the derivative of |z|
for algebraic purposes. (We have also taken the standard definition of sign(x) here
where sign(0) =0)./



MME estimator for Gamma distribution

Q3.

Let Xq,..., X, i Gamma(A,7), A > 0 and 7 > 0. Using the definition of the
Gamma distribution as in the question, the MGF for this distribution is

1 T
Mx,(t) =
0= (=)
We can easily show by induction that the n' derivative of My, (t) is
1 n 1 r+n
MPH=(5) r... ~1
00=(3) retrr -0 (=5

We then appeal to the fact that u, = E[X"] = M )((n )(0) to derive the first and second

moments of the Gamma function.

r r(r+1)
=3 b=
Let m; = %ZZ X; and my = %ZZ X? be the first and second sample moments
= my and py = meo and rearranging gives us % = =

respectively. Equating p; =
Substituting this into the equation for msy gives

2
m2:<%> r(r+1) /\:mL
1
mi(r+1) X,
— v e ==

r

= mor =mi(r+1)
mi
e —
X
=52
Hence, with X,, and o2 being the sample mean and sample (unbiased) variance, we

see that the MME estimates for A and r are
- X, ~
)\ = 0'_% rT=—



Q4. MLE of multi-mean normal distribution

Let X; fori=1,...,mand j =1,...,n be independently distributed as N (u;, 0?).
We wish to calculate the MLE of @ = (uy,. .., ftm,0%)T. We can calculate the
likelihood function L(@) as follows

L(6) = f(x|6)
~TIII/Glo)
i=1 j=1
mon 1 (=4, —14)
_ lll:[l e

o\ .
— ( ) e 2.2 2ty Z?:l(xi,j_ﬂi)2

— 10g(8) =~ " tog(om) - "M 10g(0%) — LSS gy
= —@ log(27) — (n+m) log(c?)
- %'2 (;(1’1,3‘ — )+t ;(fﬂm,j - Mm)2>

Setting derivatives equal to 0 for a fixed ¢ value we get

n

0log L(6) :iZ(a:i,j—m)zo OlogL(9) _(ntm) 1 iZ(asi,j—mV:O

4 2 2 2 1
O 0% i d(0?) 20 20 =
1 n B R 1 m n B
P R 4 2) — R )2
=== (R = 0= 3 >y — (K
j=1 =1 j5=1
To form the Hessian matrix to determine if these are indeed local maxima, where 8 =
01, Oy O 1)T = (1 - -+, phm, 02)T we first calculate the necessary derivatives.
0%log L(0 n d0?log L(6
g L( ):__2(5.k —f = 4235” 1)
OO o d(c2)0 o
- 0%log L(0) s - 0%log L(0) 0
- 4~ = ik e T A7 oONaAa
OOt |g—p (o2) (%) g



PlogL(B) (n+m) 1 & )
e >y
- 0?log L(0) _(ntm) (n+m (02)
0(02) oy 2(52)2 (A2)3
_ (n+n;>
2(0?)

oy ! 0
0 -
H= r
oy
0 0o
2(02)

A diagonal matrix is negative definite if and only if all of its entries are negative.
Clearly, since n,m > 0 and (02) > 0, we see that all entries of the diagonal matrix
H are indeed negative and hence H is negative definite as required. Hence the MLE

estimate of 0 is

1 m n

~

i=1 j=1

0 Gt = (o o 33 (5



Q5. MLE of shifted exponential distribution

Let X;,..., X, be arandom sample from a population with pdf

e~ @=0) 1+ >9
0) = - =e (x>0
/(o) {O otherwise ¢ (z=9)

We wish to maximise the likelihood function L(0) = f(x1,...,z,|0). Since the X;’s
are independent (as they are drawn from a random sample from a population), this
is the product of their individual pdf’s. Since n is finite, we can also map each
T; — Tk, its corresponding order statistic.

L(0) =[] f(:lo)

=[]e ™ "1(xi > 0)
=1

=[[e " " 1xw > 0)
k=1

= e 2= (3 > 0).. . U2 > 0)

Since the z(;’s are ordered, we see that 1(xny > 0)...1(xp) > 0) = L(xq) > 0).
Hence:

L(0) = e™e "X 1 () > 0)

Since L(#) is positive and monotonically increasing in 6 for § < x(;), we see that
L(0) is maximised at § = x1) = min(Xy,...,X,). Hence the MLE of § is
0 = min(Xy,...,X,). O



Q6.
Norm

Let X; ~ N(p,02),
are independent. L

Part a)

2

7

Since o

al

2

i

where o

et I =

Z?:1(Xi/0i2)

S (1/07)

allowing us to move it outside of the E brackets. Hence,

Bl = & [ 220
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Comparison of estimators for mean of

are known and positive fori =1,...,n and Xy, ...

be the MLE of pu.
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, Xn

are known, we can treat both it and ¢ = >." (1/0?) as a fixed scalar

Where we appeal to the fact that E[X;X;] = E[X;]E[X}] = p? for j # k since the
X;’s are independent. Also, we use the fact that E[X?| = 02 + u?. We notice that
since E[f1] = p we have Bias,, (/1) = 0 so /i is an unbiased estimator of p.



Part b)

First we do some trivial calculations for X,, = 3" | X;. Since the X;’s are inde-
pendent, Var(d>_ X;) = > Var(X;).

% i XZ-] Var(X,,) = Var <% i Xi)
= %ZE[Xi] — %ZVar(Xi)
1 O;

n =1

Clearly again X, is an unbiased estimator of y, meaning we can compare the relative
efficiency of our two unbiased estimators i and X, since MSE(j1) = Var(j1) and
MSE(X,,) = Var(X,,).

RE (1. %) = o) ZHQZ (Z 2) (Z%)

i=1 j=1 J

We then appeal to the Chebyshev sum inequality which states that for sequences a;
and b; such that a; <--- <a, and by > --- > b, then

o (?} )2 ig

Without loss of generality, rearrange the sequenee of fixed 0?’s (i.e. consider this a;)

so that they are ordered, hence o7 < --- < ¢2. Hence the sequence b; = 2 satisfies
by > --- > b,. Thus, we can conclude that "
S " o2 11
RE, (ji. X,) = <§ (X
— n — N0
I~ ,1 1
>1S el oo
oon

Therefore, since RE,(fi, X,,) > 1 (ie. Var(X,,) > Var(j1)), we can conclude that /i
is a better estimator of y than X,,. [J



Q7. Location-scale and Exponential Family of trans-
formed Gamma random variable

Let X be a random variable such that X ~ Gamma(y, «) (shape-scale parameteri-
sation) with pdf

—:Uo‘*le_%gcﬂ(x > 0)

Here we have that « is known and « is unknown. Let Y = olog(X). Then we can
establish the cdf of Y:

Hence, we can find the pdf of Y:

d d

fr(y) = d_yFY(y) = —Fx(ev)

_ 1 eted
ol'(a)y®

y*alogv)
1 (396( 7 >
= —¢

ol'(a)ye

where the support set of Y is y € (—o0, 00).

Part a)

Let ¢ > 0 be unknown. To show Y is in a location-scale family, we want to show

that for 1 € (—00,00), 8 > 0, we can write f(y) = 59(%5*) (i.e. g(y) = Bf(By+p))
for a well defined pdf ¢g(y). Let 8 = ¢ and p = olog~y. Then:

( oy+ology—ology )
& (oy+ology)—e o

o) = BBy + ) = o -z

alogy
_ € olay—e’)

I'(a)y™
__1
- T(a)

ozye—ey



We can now verify that g(y) is a pdf by first noticing that g(y) > 0 Yy € (—o0, 00),
and then ensuring that ffooo g(y)dy = 1, where we make the substitution u = e¥

oo oo 1 v
dy = We=e g
/mg(y) Y /mr(a)e e “dy
1 /OO o —u —1d
= — u e u u
F(a) 0

1 /°° o
= — u® e Ydu
[(a) Jo

1
= mf‘(a) =1

Therefore, we can see that g(y) is a well defined pdf. Hence, this verifies that under
these conditions, Y is in a location-scale family. [J

Part b)

Let 0 > 0 be known. Y is in an exponential family if we can write

f(y16) = c(6)h(y) exp {Z wi(e)ti(y)}

where ¢(0) > 0, w;(0), h(y) > 0 are all real valued functions, where 8 = (a, 7, 0).

Since o is known, we can replace z = y/o. Then:

£(216) = mewz—ieﬂ

So we can see this satisfies our requirements with:

Thus under these conditions, Y is in an exponential family. [J

10



Q8. Sufficient statistic for 5> distribution

Let X1,..., X, be a random sample from a population with pdf (with 6 > 0)
L x>0 0
z|f) =+ - =—=1(zx>6
f(x16) {0 otherwise 2 (z26)

We can also calculate (for z > 6, 1 otherwise)

Part a)

We can attempt to find the method of moments estimator for 8, however we will
soon establish that these moments do not exist. We can calculate the moments of
X quite easily for n € N34

E[X"] :/ 02" %dx
0
[ Wog@ly 0
[0zl n=2,3,...
=o00 for n € Ny

Thus since the moments of X don’t exist, we cannot calculate the method of mo-
ments estimator for 6. [sad :( ]

Part b)
The likelihood function for X is

u 6
i=1 "t

ﬁ 1
2
i1 i
Since L(f) is positive and monotonically increasing in 6 for § < z(;) (given that
6 > 0), we see that L(0) is maximised at 0 = x(;) = min(Xy,...,X,). Hence the

MLE of 6 is § = min(X, ..., X,).

We can then calculate

~

PO > z)

Il
e

(min(Xy,...,X,) > 2)
(X1>z2,...,X, > 2)

Q n
z

(

N—

11



Thus the cdf of 0 is

and so the pdf is

Part c)
We wish to find a sufficient statistic for §. We return to the joint pdf
F(x]0) = 01 (x >ef1i
1) 11 22

We claim that T'(X) = x(y is a sufficient statistic for §. This is clear to see since we
can write

—_———

|
(ﬂm_91<)>6117
12—1Z

JTl) e
h(x)

Thus, by the factorisation theorem, we see that T'(X) = x(;) is a sufficient statistic
for 0. [J

12



Q9. Sufficient Statistic for Multivariate Normal

X X : .
Let x1,...%x, = (Yl ool y ) be a random sample from a two-dimensional
1 n

multivariate normal distribution N(u, %) = N ((M 1) : (011 UlZ)) where

2 012 0922
pi, o € R 011,012,099 € RT, where all parameters are unknown and det(3) > 0.
To find a sufficient statistic for @ = (1, p2, 011, 012, 092), we first consider the joint

pdf

f(x]|0) = f(xi,. ..

(9.1)

We then expand the the inside of the exponent as follows, where we write the statistic
Ti(x;) =X =+ > x; and we make use of the fact that (271" = (X7)~' =21,
and (ABC)T = CTBT AT

n

Z(Xi — ) S (% - p) = Z
2

(G = %) + (x = )" 27 ((x — %) + (x — )

However, we then notice that

x-S x-p) =) (XEIR-xE %+ X0 p xS )
i=1 i=1
=nxY X - nxY x4+ nxX lu - nxX
=0

Hence, the last term in (9.2) vanishes.

13



Thus, we can now write (9.1) as

f(x|0) = (m) ’ exp [—% Z(fi — M)Tz_l(i — )

- (Wiet(ﬁ)) e 5 ) E T (x ) exp [—5 D> (xi—x)"8

Now, to deal with the quantity in the right-hand exponential, we notice that

(x; — %)X 71(x; — %) is a 1 x 1 matrix, hence we can use a trick with the trace (for
which we know it obeys the cyclicity property, i.e. tr(ABC) = tr(BCA) = tr(CAB)
[and clearly tr(A + B) = tr(A) 4 tr(B)]) to turn this term into

n n

Z(xi —)TE(x, - %) =tr Z(xi ~x)Te (%, — %)

= tr(x; — %87 (x; — x)

i=1

We can now write down the statistic
n
To(x;) =X = (x; — x)(x; — X)”
i=1

Then we can rewrite (9.3) as

f(x]0) = \(W) " exp [—g(x - ,i)TE‘l(x - u)] exp {—%trz—lil-h\(g

9((T1(x:),T2(x:))[0)

Thus, by the factorisation theorem, we have found sufficient statistics for the mul-
tivariate normal distribution, namely X and 3. It is worth pointing out that due to
the more sophisticated matrix calculations we have used throughout that this has
method has found sufficient statistics for a multivariate normal distribution of any
N size. It is easy and tedious to express our final function in terms of the 8 provided
by the question - we shall leave this as an exercise for the reader. [

14



Q10. Incompleteness of bound statistics for a
uniform distribution

Let X4,..., X, i Uniform(6,0 + 1), # € R. We wish to show that the minimal
sufficient statistic 7' = (X, X(»)) is not complete for A = {f(x|6) : § € R}, that
is, there exists a function g such that E¢[g(T)] =0 =5 Py(g(T) =0) =1

We appeal to the range statistic R(T) = X,y — X(1). From Example 6.2.17 of
Casella and Berger, we know that R(7') is an ancillary statistic - that is, the distri-
bution of R, which is h(r]0) = n(n — 1)r""2(1 — r)1(0 < r < 1), does not depend
on the parameter 6. This means that E¢[R(T")] = k for some k € R, which does not
depend on ¢. Thus, we choose our g to be g(T") = X(,,) — X1y — k. Then clearly
Eo[g(T)] = 0. However, Pyp(g(T) = 0) = Pp(R(T) = k) = 0 # 1 since h(r|f) is a
continuous distribution. Therefore we conclude that T is not a complete statistic

for A. O

15



Q11. Minimal sufficiency for a scaled-shifted
exponential

Let X4,..., X, be a random sample from a population with pdf

L= 1> -
f(xw):{@ee e =9 12 0)

0 otherwise

where 6 > 0.

Part a)
We first consider the joint pdf

We claim that 7' = (x(1), 7) is a minimal sufficient statistic for 6. By the factorisation
theorem, it is clear that T is sufficient for #. We want to show that the ratio
f(z]0)/ f(y|@) is constant as a function of @ if and only if T'(x) = T'(y) to prove that
it is minimal sufficient. That T'(x) = T(y) implies the ratio is constant is trivial to
show. Suppose that the ratio is constant, say K. Then

f(x|0) _ 0" 1(x@q) > e o e” _ (x> 0) B9 _ g

fwlo) - ”Il(y(l) > 0)e” Ten  L(yay > 9)

We first observe that since K is independent of 6, this implies hmx( (D=0 T W

must be 1. Thus, 1(z@) > 0) = 1(yn) > 0) and hence zy = yq).

This then suggests that
e 0@ — K

But since this must be true for all 6, this implies that z — y = 0 and hence = .
Hence, we see that f(z|0)/f(y|f) is constant as a function of 8 if and only if T'(x) =
T(y) and so T is a minimal sufficient statistic for 6. [J

Part b)

It appears natural to believe that X ~ f(z|f) is in an exponential family. However,
we know from lectures that if X is a random variable from an exponential family,
then the support set of X does not depend on on the parameter 6. Clearly, the
support set of f(z|f) depends on 6 since f(z|d) = 0 if x < 0. Therefore, we
conclude that X is mot in an exponential family. [

16



Q12. UMVUE of mean of a Normal

Let X1,..., X, & N(p, 1), 1 € R.

Part a)

We want to calculate the UMVUE of p? and calculate its variance. We will take

it as granted that 77 = X, is a complete and sufficient statistic for pu. Clearly
T A N(p,1/n). We can then consider

Eu[T?] = i+ 1/n
= p* =E,[T7] - 1/n
— 2 = E, (12— 1/
Clearly then, if we let Ty = T? — 1/n then Bias(Ty) = 0. By the Lehmann-Scheffé

Theorem, since T; is a complete and sufficient statistic and Ty = T5(T}) is an unbi-
ased estimator of p?, then Ty is is the UMVUE of 2.

We can then calculate the variance, where we use standard moment of normal re-
sults.

E,[T3] = E[(T7 — 1/n)*]

2 1
=E, |T} - =T+ =
© |: 1 n 1 + n2:|
2 1
=E,[T}] — =E.[Tf] + =
N[ 1] n ,U[ 1]+n2
6 3 2 1
4 2 2
R YT S VLR |
s B el YA R
4 2
=t —p’+ =
n
4 2 4u 2
. _ 2 2 _ 4 2 4 _
--Var<T2)_EM[T2]_]EN[T2] = U +E,u +E_,u —T‘f‘ﬁ
Part b)
Since Xj,..., X, are drawn from a normal distribution, it is clear that f(z|0),

Ty, v(1) = p? all satisfy the necessary conditions to use the Cramér-Rao Inequality
(supposing I,,(#) is finite which we will show below). We then calculate the necessary
quantities

1) = 1) = B, | £ o (Xl V() = 20
=-—nE,[-1]=n

Which means that CRLB(73) = OGP 42 Hence, as expected from the Cramér-

; In(p) n
Rao Inequality, we have
4% 2 4p?

17



Q13. UMVUE of p? of Bernoulli

Let Xy,..., X, s Bernoulli(p), p € (0,1) and require that n > 2. We wish to find
the UMVUE of v(p) = p*.

We will take for granted that T = ) ", X; is a complete and sufficient statistic
for p. We are interested in calculating p*> = P(X; = 1, X, = 1). We can then define
an unbiased estimator for v(p) as

0 otherwise

. {1 if X, Xy =1

By construction, we have E[Ty] = P(X; = 1,X, = 1) = p? so Ty is unbiased for
~(p). Now we can define Ty = E[Tp|T|. Then

ZX—t

_P<X1_1,X2_1

E[Ty|T =t] =E | T,

$n)

P =1,Xy= 1,£:§:1Xi — 1)
a P Xi=t)
CP(Xi=1,X =150, X =t—2)
B P Xi=1)
P, = D)P(Xy = )P, X =t —2)
B P Xi=1)
o)A
(D)pH(1 —p)n-t 1¢22)

_ )y, >9

o =2

— %1@ > 2)

1(t > 2)

Thus we see that in defining
(n =2, X)) [\
X, L X; >2
> | - B ()

by the Rao-Blackwell theorem we know that 77 is unbiased, and by Lehmann-Scheffé
we know that it is the UMVUE for p?. O

E Ty
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